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1. Introduction 

Nowadays, thermal sterilization of canned foods in 

retorts has been one of the most widely used methods 

of food preservation. Typically, the thermal 

sterilization method consists of heating food 

containers in pressurized retorts at defined 

temperatures for pre-established time intervals, 

followed by sudden cooling. 

The conditions applied to the thermal processing of 

canned foods must be defined by specialists according 

to each set of equipment/container/food. This system 

defines the following process conditions: processing 

time, process temperature, minimal initial 

temperature of canned food, pressure profile, and 

deaeration program of the retort. 
 

The determination of processing time is conducted 

with great care, according to the quality and safety  

 

 
 

requirements. This includes careful monitoring of 

processing time and temperature control to prevent 

under-processing or over-processing of canned food. 
 

Although sterilization processes can be carefully 

defined, their day-to-day application in industrial 

production often deviates from ideal conditions. 

Operational problems, such as energy failure, 

temporary interruptions of steam supply, and failures 

of control system hardware, frequently occur and 

result in process deviations based on temperature 

variations of the heating medium. Other process 

deviations can occur when there are modifications in  

basic process parameters, such as the initial 

temperature of canned food, reduction of processing 

time, and lower heating temperature medium. When 

these deviations are observed, the batch is usually  
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reprocessed or segregated for further analysis of the 

process trend records by specialists, who will 

determine the batch's fate. These procedures are 

costly and time-consuming, and when the decision is 

to reprocess the canned food, it implies a deterioration 

in the quality of the food product [1]. 
 

 

The sterilization of canned food partially depends on 

the heat penetration rate inside it. When food 

products are packaged into containers that will 

undergo heat treatment inside a retort, using steam as 

a heating agent, the condensation of the steam will 

determine the rate of heat transfer to the canned 

food/container system. The following factors affect 

the heat transfer rate: (i) heat transfer coefficients, (ii) 

physical properties of food products and containers, 

(iii) temperature difference between the retort and the 

canned food, and (iv) container dimensions [2]. 
 

Some information about the physical properties of 

canned foods is usually not available. Therefore, a 

simple method to estimate thermal diffusivity could 

be useful, as it influences the quality control of foods. 

[3] developed an experimental alternative method to 

determine the thermal diffusivity of wheat flour and 

cassava, considering them as models for analyzing a 

semi-infinite solid. The experiment involved an 

aluminum container filled with flour, an incandescent 

lamp as a heat source, and thermocouple sensors for 

acquiring temperature data. They also carried out a 

simulation in the Partial Differential Equation 

Toolbox of Matlab R2015a to compare the 

temperature distributions within the container. 
 

A two-dimensional numerical model to determine 

thermal properties (their uncertainties and the 

covariance matrix) of cucumbers with cylindrical 

geometry, using an experimental dataset obtained 

during their cooling was proposed by [4]. The model 

is based on the Levenberg-Marquardt algorithm and 

can be used to determine parameters of a differential 

equation using experimental data.  The study 

provides insights into the behavior of food products 

during cooling and can be applied to simulate cooling 

curves for cucumbers under similar conditions, but 

with other dimensions, with no need for new 

experiments. 
 

A simple, accurate, and robust method for 

determining the thermal diffusivity of solid foods was 

developed by [5]. The authors employed an inverse 

numerical method to estimate thermal diffusivity 

from transient temperature measurements at any 

position in a food sample, using a sequential 

parameter estimation technique. The developed 

algorithm was validated using both computer-

generated temperatures and actual experimental 

temperature data. The estimated thermal diffusivity 

from the computer-generated data showed excellent 

agreement with the true value, and the estimated 

thermal diffusivity from the experimental 

measurements matched well with literature data. 
 

According to [6], predicting the product temperature 

based on the temperature of the heating/cooling 

medium is the preferred approach in practice. 

However, it requires a mathematical model that 

accurately describes the temperature distribution in a 

transient regime for the food product. This approach 

offers advantages as it eliminates the need for 

installing test units to measure the product 

temperature, allowing for modeling and control of 

both continuous and batch processes. One significant 

disadvantage is the requirement of knowledge about 

the mode of heat transfer, as well as the relevant 

thermal and physical properties for each product and 

packaging type and geometry. 
 

 

The studied product is a solid canned food, where 

heat conduction is the predominant heat transfer 

mechanism. The physical model is described by the 

heat equation. 
 

𝜕𝑇

𝜕𝑡
= 𝛻 ⋅ (𝛼𝛻𝑇)                       (1) 

 

where 𝑇 is the food temperature and 𝛼 is the thermal 

diffusion coefficient of the studied product which is a 

temperature function in this work. 
 

Here, 𝑇 represents the food temperature, and 𝛼 is the 

thermal diffusion coefficient of the studied product, 

which is temperature-dependent in this work. 
 

This study aims to provide reliable mathematical 

models for the sterilization process by identifying the 

thermal diffusivity of textured soy protein (TSP). This 

approach offers significant benefits to the field, 

ensuring safer consumption by reducing the risk of 

producing unsafe or overprocessed food. 

Additionally, it enables the production of high-

quality food with lower energy consumption during 

sterilization and reduced nutrient degradation. The 

specific objectives of this study include determining 

the thermal diffusivity value of TSP during the 

sterilization process, using experimental data of retort 
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temperature and the temperature in the geometric can 

center. The methodology employed involves applying 

a spatial discretization method based on finite 

volumes with high-order reconstruction in an 

unstructured mesh of triangles. 
 

 
 

2. Materials and methods 

2.1. Differential Equation Resolution 

An essential step in the parameter identification 

process is resolving the differential equation 

associated with the phenomenon (Equation 1). Several 

methods exist in the literature for solving partial 

differential equations. However, [7] state that most 

methods for solving PDEs typically offer a spatial 

precision order of two, which is widely used in 

academia and industries due to its intuitive nature, 

ease of implementation, and considerable precision 

for many flow problems. These methods also form the 

foundation for commercial fluid flow problem-

solving software. However, when considering the 

parameter identification methodology, using 

numerical methods with a higher order of precision 

can reduce the error associated with the identified 

parameters. 
 

The spatial discretization method employed in this 

work has several advantages. Firstly, it offers 

versatility since it can solve differential equations of 

any order, where the order n can be any natural 

number greater than or equal to three. Secondly, the 

method discretizes the domain using an unstructured 

mesh of triangles, making it more adaptable for 

equations defined in complex spatial geometries, such 

as solid revolution with azimuth symmetry. However, 

one disadvantage of this method is its implementation 

complexity. Using unstructured meshes requires the 

generation and storage of a complete data structure to 

identify the control volumes in the mesh [8]. 
 

Some authors have already applied the spatial 

discretization of PDEs using the finite volume method 

with high-order reconstruction in unstructured 

meshes. However, in the case of two-dimensional 

problems, only Cartesian coordinate systems were 

studied. In this work, an adaptation of this method is 

used for the cylindrical coordinate system, specifically 

in the radial and axial dimensions denoted by 𝑟 and 𝑧, 

respectively. 
 

The finite volume method with high-order 

reconstruction involves spatially describing the 

unknown function 𝑇𝑖   within the control volume 𝑖  by 

employing a Taylor series expansion, while keeping 

the time 𝑡𝑗 fixed (for j = 1, 2, ..., m). Here, m represents 

the number of points discretized in the temporal 

domain. This can be expressed by Equation 2 [9], 
 

𝑇𝑖
𝑅(𝑡𝑗 , 𝑟, 𝑧) = 𝑇|𝑖 +

𝜕𝑇

𝜕𝑟
|𝑖(𝑟 − 𝑟𝑖) +

𝜕𝑇

𝜕𝑧
|𝑖(𝑧 − 𝑧𝑖) +

𝜕2𝑇

𝜕𝑟2
|𝑖(𝑟 − 𝑟𝑖)

2 +
𝜕2𝑇

𝜕𝑟𝜕𝑧
|𝑖(𝑟 − 𝑟𝑖)(𝑧 − 𝑧𝑖) +

𝜕2𝑇

𝜕𝑧2
|𝑖(𝑧 −

𝑧𝑖)
2 +⋯                                                                            (2) 

 

where (𝑟𝑖 , 𝑧𝑖)  represents the coordinates of the 

centroid of the i-th control volume (triangle), 

𝑇𝑖
𝑅(𝑡𝑗 , 𝑟, 𝑧) is the reconstructed solution at time t in the 

i-th control volume, and 
𝜕𝑘+𝑙𝑇

𝜕𝑟𝑘𝜕𝑧𝑙
|𝑖  denotes the partial 

derivatives of T evaluated at the centroid of the i-th 

control volume. 
 

The approach used to obtain the reconstructed 

solution was adapted from [10, 11] to suit the 

cylindrical geometry. 
 

An essential aspect of the finite volume method is the 

utilization of the integral formulation of the 

differential equation. Returning to Equation 1 and 

integrating both sides of the equation over the control 

volume 𝑉𝑖, we obtain: 
 

∭
𝜕𝑇

𝜕𝑡
𝑑𝑉

𝑉𝑖
=∭ 𝛻 ⋅ (𝛼𝛻𝑇)𝑑𝑉

𝑉𝑖
      (3) 

 

Next, both sides of Equation 3 are divided by 𝑉𝑖 , 

keeping in mind that 𝑉𝑖 =∭ 𝑟𝑑𝑟𝑑𝜃𝑑𝑧
𝑉𝑖

, and the time 

derivative is interchanged with the volume integral, 

resulting in: 
 

𝜕

𝜕𝑡
(
1

𝑉𝑖
∭ 𝑇𝑑𝑉

𝑉𝑖
) =

1

𝑉𝑖
∭ 𝛻 ⋅ (𝛼𝛻𝑇)𝑑𝑉

𝑉𝑖
                  (4) 

 

The term in parentheses in Equation 4 represents the 

mean value of temperature in control volume i(𝑇𝑖̅ ).  

Since the reconstruction polynomial, and 

consequently the diffusion coefficient 𝛼 , do not 

depend on the variable 𝜃, it is possible to rewrite the 

second term using a contour integral through 

algebraic manipulations. This leads to Equation 5: 
 

 

𝑑𝑇𝑖̅

𝑑𝑡
=

2𝜋

𝑉𝑖
∮ 𝑟𝛼𝛻𝑇 ⋅ 𝑛⃗ 𝑑𝑆
𝑆𝑖

        (5) 
 

where 𝑛⃗  denotes the unit normal vector relative to the 

faces of each control volume. 

Equation 5 represents a system of ordinary 

differential equations (ODEs) that can be expressed as: 
 

 

𝑑𝑇𝑖̅

𝑑𝑡
=

1

𝑉𝑖
𝑅(𝑇, 𝑡)                        (6) 

 

where 𝑅(𝑇, 𝑡) = 2𝜋 ∮ 𝑟𝛼𝛻𝑇 ⋅ 𝑛⃗ 𝑑𝑆
𝑆𝑖

. 
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The solution of the ODE system represented by 

Equation 6 requires a time integration methodology. 

Considering ease of implementation and lower 

computational cost per time step, an explicit third 

order Runge-Kutta method with four steps [12] was 

chosen. This method has the advantage of a larger 

stability region for the time step. The [12] method 

applied to the ODE system (Equation 6) is described 

by Equation 7: 
 

{
  
 

  
 𝑇(1) = 𝑇𝑖

𝑛̅̅̅̅ +
𝛥𝑡

2𝑉𝑖
𝑅(𝑇𝑖

𝑛̅̅̅̅ , 𝑡),

𝑇(2) = 𝑇(1) +
𝛥𝑡

2𝑉𝑖
𝑅(𝑇(1), 𝑡 + 0.5𝛥𝑡),

𝑇(3) =
2

3
𝑇𝑖
𝑛̅̅̅̅ +

1

3
𝑇(2) +

𝛥𝑡

6𝑉𝑖
𝑅(𝑇(2), 𝑡 + 𝛥𝑡),

𝑇𝑖
𝑛+1̅̅ ̅̅ ̅̅ = 𝑇(3) +

𝛥𝑡

2𝑉𝑖
𝑅(𝑇(3), 𝑡 + 0.5𝛥𝑡)

     (7)

     

Since this is an explicit methodology, the method 

proposed by [12] (Equation 7) is numerically stable if 

the following condition is satisfied: 
 

𝑚𝑎𝑥
1≤𝑖≤𝑁

{
4𝛼𝑖𝛥𝑡

𝐴𝐿𝑖
} ≤ 2          (8) 

 

where 𝐴𝐿𝑖  represents the area of the triangle 

corresponding to control volume i in the longitudinal 

section of the cylindrical domain. 
 

2.2. Parameters Identification Methodology 

According to [13], the thermal conductivity (𝜅 ) of 

several materials is better represented by a linear 

function than a constant value over a wide 

temperature range. For textured soy protein (TSP), it 

is reasonable to assume that the density ( 𝜌 ) and 

specific heat (𝑐𝑝) are constant [14]. Consequently, the 

thermal diffusivity value is also better represented by 

a linear function, as shown in Equation 9: 
 

𝛼(𝑇) = 𝛼0 + 𝛼1𝑇,        (9) 
 

where 𝛼0 and 𝛼1 are the parameters to be identified. 
 

Parameter identification problems are typically 

formulated as optimization problems. In the case of 

identifying the thermal diffusivity of TSP, the optimal 

values of  𝛼0 and 𝛼1 are those that make the model's 

temperature distribution closer to the experimentally 

obtained temperature distribution. Since only 

temperature values were collected at the geometric 

center of the can experimentally, the optimization 

problem involves minimizing a functional described 

by Equation 10: 
 

𝑚𝑖𝑛: 𝐹[𝛼] =
1

𝑚+1
∑ |𝑇𝑐𝑖 − 𝑇𝑐𝑖

𝑅|𝑚
𝑖=0 ,     (10) 

where m is the number of points used, 𝑇𝑐𝑖  is the  

temperature value at the center of the can by 

simulation and 𝑇𝑐𝑖
𝑅 is the value experimentally, that is, 

the reference value. 
 

where m is the number of points used, 𝑇𝑐𝑖  represents 

the simulated temperature value at the can center, and 

𝑇𝑐𝑖
𝑅 is the experimental value, i.e., the reference value. 

 

The optimization problem was solved using the 

differential evolution method [15] with a population 

size of 10 individuals, a differential weight of 𝐹 = 0.8, 

and a crossover probability of 𝐶𝑅 = 0.9. The DE/rand-

to-best/1/Bin variant with parameter 𝜆 = 0.5 [16] was 

employed. 
 

As a stopping criterion, a stagnation condition was 

adopted, where the difference between two 

consecutive iterations of the objective function value 

(Equation 10) is less than 10−8  for ten consecutive 

iterations. To ensure more reliable results, the 

computational tests were performed in triplicate, and 

the best results are presented in this study. 
 

All the numerical methods described above were 

implemented using the C++ programming language. 

The GNU GCC compiler version 13 was used, along 

with GNUplot software version 5.4 for generating 

graphs, and Gmsh software version 4.11 for 

generating the triangular mesh used. 
 

2.3. Obtaining reference values 

To obtain experimental data, [17] monitored the 

temperatures of TSP in a 300x407 can with a height of 

0.12 m and a diameter of 0.072 m. They used a Data 

Trace temperature sensor placed at the geometric 

center of the can, which is the coldest point of the 

canned food during the sterilization process. This 

location is particularly susceptible to microbiological 

growth due to the lower thermal load at that point. 

Due to the limitation imposed by the Spiteri and 

Ruuth method [12] for time integration (Equation 7), 

working with discrete data is not a good option. 

Therefore, the experimentally sampled temperature 

was adjusted using a first order plus dead time 

transfer function (FOPDT) [18], resulting in Equation 

11. This adjusted temperature will be used as the 

reference for the minimization described in Equation 

10. 
 

{ 

𝑇𝑐
𝑅[º𝐶] = 42.22,if 𝑡 < 435.16𝑠

𝑇𝑐
𝑅[º𝐶] = 42.22 + 136.79 (1 − exp (

−𝑡−435.16

2967.515
)) ,

otherwise

       (11)                    
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Furthermore, to optimize computational cost, only a 

portion of the data from the food heating step was 

used. These data were considered up to 2,000 seconds. 

Fig. 1 shows a comparison between the experimental 

results for the heating step and their adjustments 

using the first order plus dead time transfer function. 
 

 
 

Figure 1. Experimental results and FOPDT adjustments in 

the heating step of the TSP sterilization process. 

 

3. Results and discussion 

In this section, we present the results obtained from 

the computational tests conducted to identify the 

parameters associated with the thermal diffusivity of 

TSP. A quarter of the cylindrical geometry was 

considered as the spatial domain due to the problem's 

symmetries. The initial condition used was the 

experimental temperature of 42.22 °C. The autoclave 

temperature, defined by Equation 12, was applied as 

a boundary condition for the region in direct contact 

with the steam. 
 

𝑇𝑏(𝑡)[º𝐶] = 40.16 + 80.23(1 − exp(
−𝑡

51.24
))                 (12)   

 

At the axial axis of the can (r = 0), the temperature 

derivative was assumed to be zero since the 

temperature is minimal along that axis. For 

convenience, the upper right quarter of the can was 

used, and the z-axis scale was adjusted to z ∈ [0, 0.06] 

m. 
 

All computational tests were performed using the 

developed C++ program. A mesh with 104 control 

volumes was utilized. [17] determined the thermal 

diffusion coefficient of TSP to be 𝛼 = 2 ⋅ 10−7
𝑚²

𝑠
. This 

value served as a reference for defining the search 

space of the differential evolution method. The search 

space was divided for the analysis, considering one 

for the increasing values of the function 𝛼(𝑇)  and 

another for decreasing values. 
 

Table 1 presents the parameters obtained for 3rd and 

4th order simulations using the differential evolution 

method, along with the corresponding value of the 

objective function (Equation 10). The table also shows 

the value of the objective function for each order of 

spatial discretization. 
 

Table 1. Parameters obtained from the optimization of 

Equation 10 compared to a constant value of α    
 

Spatial order 

of 

discretization 

𝜶𝟎[
𝒎𝟐

𝒔
] 𝜶𝟏[

𝒎𝟐

℃ ⋅ 𝒔
] 

𝑭[𝜶][℃] 

3 2.25e-07 -5.51e-10 0.45 

3 2.00e-07 0.00 3.84 

4 2.24e-07 -5.44e-10 0.43 

4 2.00e-07 0.00 3.78 

 

As expected, higher order simulations demonstrate 

lower errors, although the improvement is not 

significant enough to justify the use of orders greater 

than 4 due to the substantial increase in 

computational cost for a marginal precision gain. 
 

The 2nd order simulation, which is the most common 

order, was not performed. The chosen method, using 

Gaussian quadrature, is unable to solve problems 

with constant initial conditions, such as this one. The 

derivatives of the reconstruction polynomial become 

constant values, resulting in a null residue 𝑅(𝑇, 𝑡) in 

Equation 6. This does not occur for orders higher than 

2. 
 

Furthermore, it is observed that using a linear 

temperature function for the thermal diffusivity 

improves the fitting of the experimental data by the 

phenomenological model. The value of the objective 

function (Equation 10) is more than eight times 

smaller compared to the value obtained for the same 

order with constant thermal diffusivity. 
 

Fig. 2 displays the temperature values at the center of 

the can using the identified parameters. The results 

are compared with the simulation using constant 

diffusivity, the adjustment by FOPDT used as a 

reference, and the experimental data. The figure 

demonstrates the quality of the thermal diffusivity 

adjustment achieved by employing a linear 

temperature function. 
 

In Fig. 3, the transient temperature distribution of TSP 

is shown at different moments in time, using 4th order 

spatial precision with the parameters identified in 

Table 1. 
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Figure 2. Comparison between simulated temperatures, 

adjusted by FOPDT and experimental temperature for 3rd 

and 4th order. 
 

 

The 4th order precision was chosen for its slightly 

better results and a computational cost that is not 

significantly higher than the 3rd order. The transient 

distribution depicts the temperature evolution within 

the can over time, highlighting that the center requires 

the longest thermal processing time to reach the ideal 

temperature for ensuring food quality. 
 

 

The analysis of the results obtained in this study 

provides a deeper understanding of the thermal 

diffusivity of textured soy protein (TSP) and its 

implications for the sterilization process of canned 

foods.  
 

 

The identification of parameters related to thermal 

diffusivity enables more precise simulations and the 

ability to explore different scenarios and geometries 

by varying retort temperatures and heating times.  
 

This offers a valuable tool for optimizing sterilization 

processes, reducing costs and risks associated with 

physical testing, and ensuring high-quality and safe 

food for human consumption. 
 

Furthermore, the improvement in fitting experimental 

data by using a linear function for thermal diffusivity 

highlights the importance of considering the 

temperature-dependent variation in diffusivity.  
 

These findings can also provide insights for future  

 
 

 
 

Figure 3. Simulation using parameters identified with            

4th order in the Table 1 with reconstruction of also 4th  order. 
 

 

 

research, such as incorporating other physical 

parameters and further experimental validation of the 

proposed models. In summary, the results of this 

study contribute significantly to the advancement of 

knowledge in the field of canned food sterilization 

and pave the way for new research and innovation 

opportunities. 
 
 

4. Conclusions 

In this study, a numerical methodology based on the 

finite volume method with high-order reconstruction 

was developed to identify the thermal diffusivity 

parameters associated with textured soy protein (TSP). 

The methodology was implemented using a quarter 

of the cylindrical geometry due to the problem's 

symmetries, and a C++ program was developed for 

the computational tests. 
 

The results obtained demonstrated the effectiveness 

of the proposed methodology in accurately estimating 

the thermal diffusivity of TSP. The optimization 

problem, formulated as a parameter identification 

problem, was successfully solved using the 

differential evolution method. The obtained 

parameters provided a temperature distribution that 
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closely matched the experimental data, indicating the 

reliability of the identified thermal diffusivity values. 
 

 

The numerical simulations revealed that higher-order 

precision led to improved accuracy, although the 

computational cost increased significantly. Therefore, 

the use of orders higher than 4 was deemed 

unnecessary for this problem. It was also observed 

that a linear temperature function for the thermal 

diffusivity resulted in a significantly better fit to the 

experimental data compared to a constant diffusivity. 

The transient temperature distribution depicted in 

Figure 3 illustrated the evolution of temperature in the 

can over time, highlighting the extended processing 

time required for the center of the can to reach the 

desired temperature for food safety. 
 

Overall, the developed methodology proved to be a 

valuable tool for the estimation of thermal diffusivity 

parameters in TSP. The accurate determination of 

these parameters is crucial for optimizing the 

sterilization process and ensuring the quality and 

safety of canned food products. Another applicability 

for the proposed model is the possibility of carrying 

out tests to change operating conditions, such as, for 

example, the temperature of the autoclave, without 

the need to carry out the physical experiment, which 

would save time and financial resources that would 

be spent to perform experimental tests. Future 

research can focus on applying the proposed 

methodology to other food materials and exploring 

additional optimization techniques to further enhance 

parameter identification accuracy. 
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